We take a new look at the neutron radiative capture by a deuteron at thermal energy with the pionless effective field theory (EFT(π /)) approach. We present in detail the calculation of nd → 3 Hγ amplitudes for incoming doublet and quartet channels leading to the formation of a triton fully in the projection method based on the cluster-configuration space approach. In the present work, we consider all possible one-body and two-body photon interaction diagrams. In fact, additional diagrams that make significant changes in the results of the calculation of the total cross section in the nd → 3 Hγ process are included in this study. The properly normalized triton wave function is calculated and taken into consideration. We compare the cross section of the dominant magnetic 
I. INTRODUCTION
Studies of the radiative capture reactions on numerous light atomic nuclei have been continued at thermal and astrophysical energies with the model-independent pionless effective field theory (EFT(π /)) approach in the recent years [1] - [6] .
The calculation of radiative capture amplitude and cross section of nd → 3 Hγ and pd → 3 He γ are an essential input in the calculation of the parity-violating radiative capture of the above processes at the thermal energy [7] [8] [9] .
In the present paper, we study the nd → 3 Hγ process fully with the projection operator method based on the cluster-configuration space which is introduced by [10] . We also consider the calculation of observables with M1 transition up to next-to-next-to-leading order (N 2 LO) with the following significant changes in comparison with the previous EFT(π /)
calculation [3] : a) including the diagrams with radiation from external nucleon leg, external deuteron leg, and on-shell two-body bubble (see the diagrams "a 0 ", "a 1 ", and "a 3 " in Fig.1 of page 5), b) considering both contributions corresponding to two nucleon poles before and after photon creation in the first diagram of the second row in Fig.1 , c) inserting the diagram with the radiation directly from the exchanged nucleon, d) adding the contribution of the 3 S 1 → 3 S 1 M1 transition and e) introducing .and using the properly normalized triton wave function.
The triton or helium-three wave functions consist of two parts, one is the nucleon and dibaryon cluster wave function and the other is the two nucleon structure of the dibaryon cluster. We follow the Bethe-Salpeter (BS) equation in [11, 12] and we use the normalization condition of the relativistic two-body vertex function and work out the nonrelativistic one which is suitable for neutron-deuteron (nd) scattering leading to the formation of a triton.
The theoretical calculations of the observables in the nd → 3 Hγ process were previously performed based on model-dependent approaches [13] . The cross section and polarization observables were studied theoretically for radiative capture reactions 2 H(n, γ) 3 H and 2 H(p, γ) 3 He at low energies [14] . The cross section for thermal neutron radiative capture on the deuteron was measured to be σ exp tot = 0.508 ± 0.015 mb [15] , in agreement with the results of earlier experiments [16, 17] .
In the present work, the calculation of all M1 diagrams are calculated for the incoming doublet and quartet nd channels fully in the cluster-configuration space up to N 2 LO in Sec.II. In this section, we focus on the introduction of the EFT(π /) amplitude for the nd → 3 Hγ process up to N 2 LO. We concentrate on the zero-energy regime and try to calculate the amplitude of the neutron radiative capture by deuteron at thermal energy (2.5 × 10 −8 MeV)
in the center-of-mass (c.m.) frame.
In the EFT(π /) method, the electromagnetic (EM) interactions in the three-body systems can be inserted principally by considering the one-, two-, and three-body currents. However, we show that the cutoff independence is achieved up to N 2 LO with one-and two-body currents and therefore there is no need for additional three-body currents up to N 2 LO calculations. In the very-low-energy regime the M1 transition has a dominant piece in the amplitude of nd → 3 Hγ. E2 transition also contribute to the nd → 3 Hγ reaction but comparing with the M1 interaction, it has a negligible contribution. In the following, we evaluate the EFT(π /) amplitude of the neutron radiative capture by deuteron reaction by considering the dominant M1 transitions using one-and two-body currents up to N 2 LO.
Note that the convection current of the proton (E1 transition) has odd parity (due to one power of nucleon momentum), so this mixes an incoming P-wave state to the final S-wave triton. Capture from the P wave introduces the factor of the external nucleon momentum forcing the amplitude to vanish at threshold.
The Lagrangian of the S-wave strong interactions using a dibaryon auxiliary field are given by [10, 18] 
where D µ is the covariant derivative which acts on the nucleon and dibaryon fields with
A µ and ∂ µ + ieCA µ relations, respectively. A µ is the external field and C = 2, 1, and 0 for proton-proton, neutron-neutron and neutron-neutron dibaryons. The center dots in the last line denotes the other suppressed terms. In Eq. (1), N is the nucleon iso-doublet field. The dibaryon auxiliary fields for deuteron and iso di-nucleon systems are introduced
as isospin (spin) Pauli matrices are the projection operators of nucleon-nucleon (NN) 3 S 1 and 1 S 0 states, respectively. m N represents the nucleon mass and the three-nucleon force is introduced by H(E, Λ), where E and Λ are the total energy and cutoff momentum. The
H(E, Λ), which absorbs all dependence on the cutoff as Λ → ∞, is given by [19, 25, 26 ]
where the interactions proportional to H 2m enter at N 2m LO [19] .
In our calculation, we consider generally
. The parameters ∆ s/t and c 0s/t are given by matching the EFT(π /) NN scattering amplitude to the effective range expansion (ERE) of the scattering amplitude of two non-relativistic nucleons around the iγ s/t [10] . The Lagrangian of the M1 interaction is constructed by considering the nucleon and dibaryon operators coupling to the magnetic field B,
In the above equation
as the proton (neutron) magnetic moment are the isoscalar and isovector nucleon magnetic the propagator of the dibaryon fields up to N n LO which is given in the cluster-configuration space as
where
We emphasize that the above propagators can be applied up to N 3 LO and should be corrected for the higher orders.
In Fig.1 , the dashed oval denotes the nucleon-deuteron (Nd) scattering amplitudes which are presented by t [2, 3] . We have also added the contribution of the
transition to the amplitude of the nd → 3 Hγ process which was previously not considered in [2, 3] . This two-body M1 transition is indicated in the Lagrangian of Eq.(3) by the L 2 coefficient which enters first at NLO as L 1 . However the contribution of the
transition is small at NLO but its effect is significant at N 2 LO.
Before we evaluate the contribution of the diagrams in Fig.1 , let us make a comment about the computational process of the amplitude at NLO and N 2 LO. Introducing the N n LO diagrams as in Fig.1 , includes some diagrams of higher order, for example the NLO calculation includes N 2 LO, N 3 LO and N 4 LO terms. So, this calculation includes higherorder terms, but it is not -or at least, not immediately -a full higher-order correction, and so does not achieve that precision. On the other hand, the additional diagrams are small in a well behaved expansion, so the precision is not compromised. This procedure is made only for convenience in the computational process.
Now, we make a comment about the evaluation of the first diagram in the second line of Therefore, these two poles are corresponding to two contributions, one is that the photon is emitted during the exchange of a nucleon and the other is that the photon is emitted after exchanging the nucleon. If we add the half-offshell Nd scattering amplitude from left to the first diagram in the first line of Fig.1 , we miss the contribution of the case that the photon emission occurs during the nucleon exchange. So, we have to replace the half-offshell
Nd scattering amplitude by four diagrams which are introduced in Fig.4 . Thus, we must substitute the first diagrams of the second line by four diagrams introduced in the third line of Fig.1 . The effect of the photon emitted during the exchange of another nucleon can also be applied when the triton formation precedes the photon-nucleon interaction. But the evaluation of this effect makes no significant changes in the final results.
By working in the Coulomb gauge, the M1 amplitude of the nd → 3 Hγ can be written as two orthogonal terms,
with t, ε γ , ε d , and q are the final 3 H (or 3 He) field, the three-vector polarization of the produced photon, the three-vector polarization of the deuteron and the unit vector along the 3-momentum of the photons, respectively.
In the nd → 3 Hγ process, two initial doublet ( 2 S 1
2
) and quartet ( 4 S 3
) channels can make the final triton state using the M1 transition. If we evaluate the contributions of all diagrams in Fig.1 , we can generally write the N n LO (n ≤ 2) amplitude of the nd → 3 Hγ process as
For example, we concentrate on the detailed evaluation of the diagram a 4 contribution.
The energy and momentum of the incoming particles are shown in Fig.2 . We start by writing the amplitude of the diagram in Fig.2 using the Lagrangians in Eqs. (1) and (3) . Generally, before applying the projection operators, we can write the contribution of the diagrams in 
where k is the incoming momentum and E i = 
where they result from the denominator of the nucleon propagators. With respect to the poles in Eq.(10) and doing the integration over energy and the solid angle, theS
with Q 0 (z) as the zeroth Legendre polynomial of the second kind. In order to obtain the contribution of the diagram in Fig.2 for the nd → ) is calculated by applying the projection operators
and
with l as the spin component of the deuteron in the quartet channel, from left and right in Eq. (11), respectively. So, we gain
Taking into account the projection operators P sA d = P d,sA † and P d,rB for the incoming and outgoing channels, respectively, the contribution of the diagram in Fig.2 for the initial doublet channel is given bȳ
The results of Eqs. (14) and (15) are calculated using B = −i q × ε * γ and the sum over the repeated indices.
Finally, the total contribution of the diagram in Fig.2 can be written as
4,x with x = d, q. By ignoring the normalization factor of the incoming deuteron, Eq. (16) is as we expected.
One can evaluate the contribution of all diagrams in Fig.1 using the same procedure as for the a 4 diagram. After applying the integration over energy and solid angle, the contribution of all M1 diagrams in the M (n) x function (Eq. (7)), before multiplying the deuteron wave function normalization factor, is given by
In the above, x can be "d" or "q" for doublet and quartet channels, respectively. The 2 × 2 matrix function S (n)
i,x with i = 0, · · ·, 5 represents the contribution of the "a i " diagram in Fig.1 for the initial x channel up to N n LO (n ≤ 2).
For the initial doublet (S = ) state, in the cluster-configuration space, we obtain
Also, in the incoming quartet channel (S =
), we have
The results of M (n)
i,x are obtained after applying the appropriate projection operators for initial and final states. We note that the S (n) 5,q must be zero since in the quartet (S= ) channel all spins are aligned and there is no three-body interaction in this channel because the Pauli principle forbids the three nucleons to be at the same point in space.
Low-energy observables of the nd →
3 Hγ process are cutoff-independent by the introduction of H 0 and H 2 up to N 2 LO (see Table II ). Namely, they are renormalized and therefore no new three-body forces are needed up to N 2 LO. The same argument can be applied equally with three-body currents [21] , so no three-body currents are included in the present calculation.
We stress that the M (n) x amplitude is a 2 × 2 matrix which is written in the clusterconfiguration space and so the contributions of both initial nd t and nd s systems are taken into account. Thus, the physical amplitude of the nd → 3 Hγ process is given by
indicates the normalization factor of the incoming deuteron wave function at
We note that τ 3 = −1 must be applied for the nd → 3 Hγ process.
III. CROSS SECTION OF nd → 3 Hγ PROCESS
In the following, we use the W (n) amplitude for calculating the total cross section of the nd → 3 Hγ. In order to proceed to calculate the cross section, we use the following spin sums:
where the factor 1 6 comes from the average over initial state polarizations. The above calculations are done in the Coulomb gauge q · ε γ and the results are given using ε
(1, ∓i, 0), where the upper and lower signs denote the photon with the right and left helicity, respectively.
From Eq.(23), the total cross section of the neutron radiative capture by a deuteron can be written as
where " (n) " superscript denotes N n LO results and v is the incident neutron velocity in the c.m. frame.
IV. NUMERICAL IMPLEMENTATION
In the computation of the M1 amplitude of the diagrams in Fig.1 , we need to obtain the triton wave function and the half-off-shell Nd scattering amplitude at leading (LO), next-toleading, and next-to-next-to-leading orders. The half-off-shell neutron-deuteron scattering is obtained order by order by solving numerically the Faddeev equations which are introduced in Appendix A for both initial doublet and quartet channels. We solve them by the Hetherington-Schick method [22] [23] [24] in a Mathematica code with a specific cutoff momentum Λ. We also obtain the triton wave function at each order by solving the homogenous part of the Faddeev equations of Nd scattering in the doublet channel with the same cutoff and then normalize it by the method which is introduced in Appendix B.
Using the order-by-order results of t (n)
3 H and t (n)
x (x = d and q), we can be able to solve the integrations in Eqs. (17), (19) and (20) to obtain the M1 amplitude of nd → 3 Hγ. We solve these integrations numerically using the Gaussian quadrature weights and also the same cutoff momentum Λ as before.
As we see from Eq.(2), the parameter H 0 (Λ) and H 2 (Λ) must be determined order by order for the cutoff Λ. At each order, we obtain the value of H 0 by constructing the exact triton scattering length, a 3 = 0.65 fm. The H 2 parameter which enters at N 2 LO is determined for an arbitrary cutoff value by matching the triton binding energy to the experimental value,
V. RESULTS
In this work, we have concentrated on the evaluation of the cross section of the nd → 3 Hγ process up to N 2 LO. Our EFT(π /) results for the amplitudes and cross sections of the nd → 3 Hγ process at thermal energy, 2.5 × 10 −8 MeV are shown in Table I . We compare schematically our EFT(π /) results at thermal energy for the cross section with the previous model-dependent theoretical calculations and the experimental data in Fig.3 . We use the power counting introduced by Bedaque et al. in [19, 25, 26] . The EFT(π /) expansion parameter is
, where Q andΛ are the small and large parameters, so the AV14/VIII(IA+MI+MD) [14] , AV18/IX(IA+MI+MD) [14] , AV14/VIII(IA+MI+MD+∆ P T ) [14] , AV18/IX(IA+MI+MD+∆ P T ) [14] , AV14/VIII(IA+MI+MD+∆) [14] , AV18/IX(IA+MI+MD+∆) [14] , AV18/IX(gauge inv.) [27] , and AV18/IX(gauge inv.+3N -current) [27] methods, respectively.
The thin band indicates the error band of the experimental result of the cross section. Two horizontal dashed lines determine the upper and lower limits due to our systematic EFT(π /) error at
NLO and N 2 LO diagrams enter 33% and 11% corrections to the leading-and next-to-leadingorder amplitudes, respectively. Also, with respect to our power counting, the error of N 2 LO amplitude must be less than 3.7% of the exact value. The cross section is proportional to the square of the amplitude. It is obvious that if the systematic EFT(π /) error in the amplitude is "α%", as an example, the cross section has a maximum error ∼ 2α% in the EFT(π /)
approach. So, we expect to have a maximum error of 7% at N 2 LO for the cross section.
Our results in Table I show the convergence in our power counting from LO to N 2 LO.
At NLO, 0.124 mb adds to the leading-order value and at N 2 LO 0.048 mb to the next-toleading order. Our EFT result for the total cross section of neutron radiative capture by a deuteron at N 2 LO, σ (2) tot = 0.469 mb, has an error of 7% compare with the experimental value, σ exp tot = 0.508 ± 0.015 mb. We stress that the contribution of the E2 transition has not been included in our calculation for the amplitude of the nd → 3 Hγ reaction. The E2 transition is suppressed by two powers of the initial nucleon momentum or photon energy compared to the dominant M1 transition. Therefore, this effect numerically has a contribution of
and so ∼ 0.5% in total cross section at threshold regime. Also, with respect to the power counting as discussed above, we expect a maximum error ∼ 7% in N 2 LO EFT(π /) results of the cross section. Thus the 7% error in our N 2 LO results is acceptable. We believe that the higher-order corrections make this discrepancy narrow. According to Table II, here, the existence of a definite Λ → ∞ limit in an EFT calculation does not guarantee that the results found in that limit are rigorous consequences of the EFT [28, 29] . Our results in Table II indicate that the M1 amplitudes and the cross section of nd → 3 Hγ are cutoff independent and properly renormalized.
The differences of our results and the previous EFT(π /) calculation of total cross section at thermal energy [3] are due to the ignored diagrams and the
The L 2 coefficient corresponding to the contribution of the (n = 1) and N 2 LO (n = 2). small compared with L 1 which comes from the 1 S 0 → 3 S 1 M1 transition [20] . So, we expect that the 3 S 1 → 3 S 1 M1 transition has a small (and negligible) effect at NLO results but at N 2 LO the 3 S 1 → 3 S 1 M1 transition could have a significant effect. Our results for the total cross section with and without the L 2 coefficient effect which are summarized in Table III are as we expected. The effects of the diagrams in Fig.1 which have been neglected in the previous EFT(π /)
calculation [3] have been investigated in Table IV . The results in the third column of Table IV are the total doublet and quartet amplitudes of the M1 nd → 3 Hγ transition at LO, NLO and N n LO. In the fourth column, we present the computed values of the contribution which is only corresponding to the nucleon pole before photon creation in the first diagram in the second line of Fig.1 at each order. The fifth and sixth columns of Table IV represent only the evaluated values for the amplitudes of the "a 0 + a 1 + a 3 " and "a 2 " diagrams in the first line of Fig.1 , respectively, for both doublet and quartet channels.
The lack of a correct calculation of the first diagram of the second line in Fig.1 creates the significant errors as indicated in the fourth column of Table IV at each order. The results shown in the fifth column of Table IV indicate that the diagrams with radiation from external nucleon leg, external deuteron leg, and on-shell two-body bubble in the first line of Fig.1 are LO effects and so, one expects that these diagrams have a very important effect in the final results of the amplitude of the M1 nd → 3 Hγ transition and could not be ignored.
But the last column depicts that the diagram "a 2 " in the first line of Fig.1 has a small effect at LO especially in the quartet channel as estimated in the previous EFT(π /) calculation [3] .
Finally, we emphasize that our results have been evaluated using the properly normalized triton wave function.
VI. CONCLUSION AND OUTLOOK
In the present parity-conserving EFT(π /) calculation, we have calculated the amplitudes and cross section for nd → 3 Hγ fully in the cluster-configuration space up to N 2 LO. We have The N 2 LO EFT(π /) total cross section is determined to be σ One can be able to normalize the solution of Eq.(B1) for the incoming deuteron channel by [9] 
where V is given by
If we need to find the normalized contribution of the triton wave function which comes from the incoming singlet dibaryon field, the replacement 1 0 by 0 1 in Eq.(B2) must be done.
